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Consider the two-period directed search model of Kerndler (2015). All results therein were

derived under the main assumptions that

(i) the productivity of a worker is stochastic in each period,

(ii) wage contracts are written before productivity realizes and may not be contingent on

productivity,

(iii) wage renegotiation is not possible.

As argued there, the assumptions (i) and (ii) are relatively innocuous and can be aligned with

reality. Whereas completely ruling out renegotiation is arguably too restrictive, especially in

situations when this would be beneficial for both parties. In this note, however, we demonstrate

that precluding renegotiation in the context of a directed search model is not nearly as restrictive

as it may seem at first sight.

To make this point, we maintain assumption (i). In lieu of (ii) and (iii), we assume that the

productivity realization in each period is private knowledge of the firm and not observable by the

worker. While this again makes productivity-contingent wage contracts unfeasible, renegotiation

is no longer ruled out. However, it is assumed that a successful wage renegotiation requires

mutual consent, otherwise the original wage contract prevails.

Section 5.4 of Kerndler (2015) already covered the special case when the wage that the firm

proposes at the renegotiation stage is exogenous and sets the firm just indifferent between layoff

and retention. This is the minimal adjustment that is necessary to maintain the match. The

firm could only decide whether or not it wants to approach the worker for renegotiation. In

this note, we instead let the wage proposal be endogenously determined by the firm. To keep

matters simple and because it seems redundant, we assume that the firm approaches the worker

for renegotiation in any period.

As in the simplistic binary setup of Kerndler (2015, Section 5.4), we find that it is not

incentive-compatible for the firm to reveal the worker’s true productivity state. If the worker

receives a wage offer that is exclusively made to low productivity workers, she would accept

because a layoff occur otherwise. This, however, creates an incentive for the firm to propose
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this wage also to high productivity workers. A separating equilibrium with renegotiation can

therefore not exist. For this reason, the presence of asymmetric information impedes efficient

wage renegotiation, and bilaterally inefficient layoffs may occur in equilibrium despite the fact

that renegotiation has not been ruled out exogenously.

The main result of this note is that a no-renegotiation model as considered in the main

text of Kerndler (2015) and a generalization of this model with renegotiation under asymmetric

information give rise to payoff-equivalent directed search equilibria. In particular, we find that

any equilibrium of the no-renegotiation model also constitutes an equilibrium in the model with

asymmetric information, and gives rise to the same expected surplus for firm and worker. This

implies that if some worker types are laid off in the no-renegotiation model, this is also the case

if renegotiation is possible but impeded by asymmetric information. Therefore, abstracting

from renegotiation altogether does not limit the validity of the model results in any crucial way.

1 The renegotiation game

Below we analyze the Perfect Bayesian Equilibria (PBE) of the game sketched above, that we

will refer to as the “renegotiation game”. First we show that a PBE with truthful revelation of

the worker’s productivity state does not exist. Since productivity realizations are independent

across time, the model with asymmetric information can be interpreted as a multi-stage game

where the renegotiation game is played in each period. We can thus analyze the strategic

behavior of the agents in isolation for each period. We should, however, always keep in mind

that the outcome of future renegotiation games can affect today’s behavior by altering expected

payoffs of the players’ actions.
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Figure 1. The renegotiation game played in a given period.

Figure 1 shows the tree of the renegotiation game in a given period. Resembling the notation

of Kerndler (2015), G(w) denotes the worker payoff and J(w|y) denotes the firm payoff when

the worker is employed with current wage w and exhibits productivity y. To be precise, these

are the excess payoffs that the parties receive on top of their outside options.1

1Besides w, these values also depend on the (expected) outcome of future wage renegotiations. We can neglect
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The game works as follows: After observing the current productivity draw Y ∈ {yL, yH},
the firm propose renegotiation to some alternative wage w̃. The worker can either accept the

new wage (action Y ) or refuse (action N). In case of high productivity (left branch of the

tree), the match continues regardless of the worker’s action. In case of low productivity and

non-acceptance of the wage proposal, the match is dissolved by the firm to avoid a loss. The

firm as well as the worker earn an excess payoff of zero this case.

To make the game meaningful, we assume that the wage contract the parties have agreed

on at the search stage is such that J(w|yL) < 0. Otherwise there is no need to renegotiate

in this period, and all parties are aware of this. The wage paid in this period would therefore

equal w, i.e. the level that was agreed upon in advance. To prevent a separation, the proposed

wage levels w̃i must satisfy J(w̃i|yL) ≥ 0 and G(w̃i) ≥ 0 for i ∈ {L,H}. Denote this set by

A := {w̃ : J(w̃|yL) ≥ 0 ∧G(w̃) ≥ 0} = [w,w] and assume that it is non-empty.

Furthermore, we denote a firm strategy as a pair of densities (fL, fH). In case Y = yi, the

wage proposed to the worker is a random draw from distribution fi, where i ∈ {L,H}. This

incorporates the case that supp fi := {w̃ ∈ A : fi(w̃) > 0} is a singleton. We will repeatedly use

the fact that firm payoff is a linear function of productivity.

Lemma 1. Let firm payoff J be given as in (2). Then J(w1|yH) − J(w2|yH) = J(w1|yL) −
J(w2|yL) > 0 for any w1 < w2.

Whether or not the worker agrees to renegotiate depends on her perception about the true

productivity state. In case of low productivity, Y = yL, there is always a non-negative gain

from renegotiation because G(w̃L) ≥ 0. In case Y = yH , renegotiating is harmful since w̃H < w

implies G(w̃H) < G(w). The worker would thus want the firm to follow a strategy that reveals

the true productivity state. However, such a separating firm strategy turns out to be consistent

with a PBE only if the worker never accepts. This is formalized in the follow theorem.

Theorem 1. In any PBE either (i) the firm strategy satisfies supp fH = {w̃H} ⊆ supp fL for

some w̃H ∈ A or (ii) the worker refuses to renegotiate, P [Y |w̃] = 0, for any w̃ ∈ A.

If the firm offers some wages only to high productivity workers, the worker immediately

recognizes that she is highly productive and would refuse to accept the wage proposal. The firm

would therefore want to deviate and suggest a wage that the worker is willing to accept with

positive probability. Hence this can only be an equilibrium in the trivial case where there are

no wages that the worker is going to accept. The fact that only a single wage is proposed in

case of high productivity stems from the strict monotonicity of the payoff function. There also

exists a partial reversal of Theorem 1.

Theorem 2. In any PBE the firm strategy satisfies supp fL ⊆ supp fH ∪ {w} where w is the

worker’s reservation wage, satisfying G(w) = 0.

If the worker sees a wage w̃ > w that is proposed exclusively to low productivity workers,

she would accept with probability 1. This, however, creates an incentive for the firm to propose

this for the moment because future wages are not affected by the current periods’ renegotiation game.

3



w̃ also to high productivity workers. Therefore such a firm strategy cannot be part of a PBE.

Theorems 1 and 2 can be combined to deliver the following insights.

Corollary 1. Suppose a separating PBE, i.e. supp fL ∩ supp fH = ∅. Then the firm always

offers low productive workers their reservation wage, supp fL = {w}. The worker’s strategy is

to never agree to renegotiate, regardless of the observed wage offer, P [R|w̃] = 0 for all w̃ ∈ A.

Proof. If supp fL∩ supp fH = ∅, supp fL ⊆ {w} according to Theorem 2. Furthermore, case (ii)

in Theorem 1 must apply.

Corollary 2. In any PBE with renegotiation, the firm’s strategy satisfies supp fH = {w̃H} for

some w̃H ∈ (w,w], and either supp fL = {w̃H} or supp fL = {w, w̃H}.

Proof. Combining Theorem 1(i) and 2 implies that {w̃H} = supp fH ⊆ supp fL ⊆ supp fH ∪
{w} = {w, w̃H}.

Corollary 2 reveals that in any PBE where renegotiation takes place in some case, the firm

either follows a pooling strategy and proposes the same wage w̃H to any worker, or it offers

w̃H to high productive workers and randomizes between w̃H and the reservation wage w for

low productive workers. By contrast, a separating equilibrium with renegotiation does not exist

according to Corollary 1.

We now turn to existence properties of Perfect Bayesian Equilibria with and without rene-

gotiation. It is easy to see that a PBE without renegotiation always exists, and that any such

equilibrium gives rise to the same ex-ante expected payoffs.

Theorem 3. A PBE without renegotiation exists. Any such equilibrium yields ex-ante expected

firm payoff EJ = φJ(w|yH) and worker payoff EG = φG(w). Low productive workers are always

laid off.

By contrast, a PBE with renegotiation can only exist if G(w) ≥ φG(w), where w denotes

the wage level for which the firm is indifferent between firing and retaining a low productive

worker, determined by J(w|yL) = 0. Workers accept a wage proposal only if the associated

payoff exceeds the expected payoff from sticking to the old contract. The first value is from

bounded above by G(w) because w is the highest wage that the firm can offer. Whereas the

latter value is bounded from below by φG(w) because the expected probability of being in the

high state is at least φ because the firm follows a pooling strategy.

Theorem 4. A PBE with renegotiation exists if and only if G(w) ≥ φG(w).

In this case, it can be shown that playing the renegotiation game is actually redundant.

There always exists a contract w′ ∈ A that avoids the need of renegotiating in the first place,

while giving both parties at least the same ex-ante expected payoffs.

Theorem 5. Let G(w) ≥ φG(w). For any PBE of the bargaining game there exists an alterna-

tive contract w′ ∈ A that gives rise to weakly higher expected payoffs for both parties and avoids

any need to renegotiate.

4



Theorem 5 is the key ingredient to what follows. It postulates that if the initial wage w is

endogenously chosen before the renegotiation stage, it suffices to concentrate on wages levels

that are “renegotiation-proof”. By this we mean that either renegotiation is not necessary,

w ∈ [w,w], or the worker refuses to renegotiate in any PBE of the game, φG(w) > G(w).

2 Directed search equilibria

Suppose that the initial contract w = (w1, . . . , wT ) ∈ RT is determined by directed search,

V0 = max
(θ,w)

p(θ)E0G1(w) s.t. q(θ)E0J1(w) = c, (P)

where the payoffs in period t, denoted by Gt and Jt, evolve according to

Gt(wt) = u(wt)− u(bt) + δ(EtGt+1 − Vt+1), GT (wT ) = u(wT )− u(bT ), (1)

Jt(wt|yt) = yt − wt + δEtJt+1, JT (wT |yT ) = yT − wT . (2)

and the continuation values EtGt+1 and EtJt+1 are consistent with a PBE of the renegotiation

game in period t + 1. Setting T = 2, all of the following results can be applied directly to the

model analyzed in Kerndler (2015).

2.1 Reducing the general problem to renegotiation-proof contracts

In a first step, we formally demonstrate that it is sufficient to focus on contracts that are

renegotiation proof when solving (P). The set of renegotiation-proof contracts is

Ω := {w ∈ RT : wt ∈ [wt, wt] ∨Gt(wt) < φtGt(wt) for all t = 1, . . . , T}. (3)

In any period t there is either no need to renegotiate because a layoff will not occur anyway,

or there is a layoff risk for low productive workers, but workers always find it optimal to refuse

renegotiation.2 We note for convenience that the expected payoffs of a renegotiation-proof

2Note that Gt(wt) < φtGt(wt) implies wt > wt. Furthermore, (3) is indeed a sensible definition. In general,
the values of Gt, wt, and wt depend on the particular PBE that is considered. This is, however, not the case
here. At t = T , each of these objects is unambiguously defined, GT = u(wT ) − u(bT ), wT = bT , and wT = yL.
If wT ∈ [wT , wT ], the renegotiation game is not played because it is common knowledge that the firm always
earns sufficient surplus to retain the worker. Thus ET−1GT = GT (wT ) and ET−1JT = JT (wT ). If GT (wT ) <
φTGT (wT ) then Theorem 3 and 4 implies that for any PBE of the bargaining game ET−1GT = φTGT (wT ) and
ET−1JT = φTJT (wT ). In both cases ET−1GT and ET−1JT are unambiguously determined, and by (1)–(2) also
GT−1, wT−1, and wT−1. This argumentation can be continued until t = 1.
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contract w ∈ Ω are given by

Et−1Gt(wt) =

Gt(wt) if wt ∈ [wt, wt]

φtGt(wt) otherwise
, (4)

Et−1Jt(wt) =

φtJt(wt|yH) + (1− φt)Jt(wt|yL) if wt ∈ [wt, wt]

φtJt(wt|yH) otherwise
. (5)

Similar to Ω we can also consider for t ∈ {0, . . . , T − 1} the set Ωt(EtGt+1,EtJt+1) ⊆ Rt,
taking the continuation values in period t, EtGt+1 and EtJt+1 as given. As an auxiliary result

we state that Ωt is in some sense monotonic with respect to these continuation values. The

proof relies on a simple induction argument.

Lemma 2. Let w ∈ Ωt(EtGt+1,EtJt+1). Suppose that EtG′t+1 ≥ EtGt+1 and EtJ ′t+1 ≥
EtJt+1. Then there exists a w′ ∈ Ωt(EtG′t+1,EtJ ′t+1) such that Es−1G′s(w′s) ≥ Es−1Gs(ws)
and Es−1J ′s(w′s) ≥ Es−1Js(ws) for all s = 1, . . . , t.

This enables us to construct for every w ∈ RT \Ω an alternative renegotiation-proof contract

w′ ∈ Ω that makes both parties weakly better off in any period.

Theorem 6. Consider w ∈ RT \ Ω together with a PBE of the bargaining game. Then there

exists a w′ ∈ Ω such that Et−1G′t(w′t) ≥ Et−1Gt(wt) and Et−1J ′t(w′t) ≥ Et−1Jt(wt) for all

t = 1, . . . , T .

Now, for any contract w = (w1, . . . , wT ) that may lead to a renegotiation at some point,

Theorem 6 ensures existence of a renegotiation-proof contract w′ ∈ Ω that gives rise to at least

the same expected payoffs for both parties in any period. In particular, the expected payoffs at

the search stage, E0G1(w
′) ≥ E0G1(w) and E0J1(w

′) ≥ E0J1(w), are weakly higher. Because

p′ > 0 and q′ > 0, the alternative contract w′ also gives rise to at least the same value as w in

the objective function of problem (P). Therefore, solving (P) can be shown to be equivalent to

V ′ = max
(θ,w)

p(θ)E0G1(w) s.t. q(θ)E1J0(w) = c, w ∈ Ω, (P’)

which selects the best contract among all contracts that are renegotiation-proof.

Theorem 7. The following equivalence between the maximization problems (P) and (P’) holds:

(i) Any solution of (P’) is a solution of (P).

(ii) For any solution of (P) there exists a solution of (P’) that gives rise to the same optimal

value V ′ = V , the same expected payoffs (Et−1Gt,Et−1Jt)Tt=1 and the same labor market

tightness θ.

(iii) Problem (P) has a solution if and only if problem (P’) has a solution.
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Proof. Denote the objective function as v(w) = p(θ(E0J1(w)))E0G1(w) where θ(E0J1(w)) is the

free entry curve implicitly defined by q(θ)E0J1(w) = c.

For (i), assume that ŵ′ solves (P’). Let w ∈ RT \ Ω and the expected payoffs be consistent

with a PBE of the associated renegotiation games. By Theorem 6, there exists a w′w ∈ Ω

such that Et−1Jt(w′w) ≥ Et−1Jt(w), Et−1Gt(w′w) ≥ Et−1Gt(w) for t = 1, . . . , T . Therefore,

v(w) ≤ v(w′w) ≤ v(ŵ′), where the latter inequality exploits optimality of ŵ′ on Ω. Since

w ∈ RT \ Ω and the corresponding PBE were arbitrary chosen, this reveals that v(w) ≤ v(ŵ′)

for all w ∈ RT and any associated PBE. Therefore ŵ′ also solves problem (P). Concerning (ii),

assume that there exists a contract w∗ together with a PBE that solves (P). If w∗ happens

to be renegotiation-proof, it trivially also solves (P’), implementing the same expected payoffs

and labor market tightness. More interesting is the case w∗ /∈ Ω. As argued above, there

exists a w′ ∈ Ω such that Et−1Jt(w′) ≥ Et−1Jt(w∗), Et−1Gt(w′) ≥ Et−1Gt(w∗) for t = 1, . . . , T ,

and therefore v(w′) ≥ v(w∗). On the other hand, since w∗ maximizes v, it must hold that

v(w∗) ≥ v(w′). As a result, both contracts attain the same value of v. Since Ω ⊆ RT , it is also

true that v(w′) = v(w∗) ≥ v(w) for all w ∈ Ω, which means that w′ solves problem (P’). It

remains to verify that w′ also gives rise to the same expected payoffs in any period. Suppose that

there a exists a t for which either Et−1Jt(w′) > Et−1Jt(w∗) or Et−1Gt(w′) > Et−1Gt(w∗). By the

recursive structure and monotonicity of (1)–(2) and (4)–(5), this translates into v(w′) > v(w∗).

This, however, is a contradiction to w∗ maximizing v on RT . Finally, (iii) directly follows from

(i) and (ii).

2.2 Equivalence to a model without renegotiation

We can show that the solutions of (P’) coincide with the solutions of a model where renegotiation

is precluded by assumption. In this case, the directed search equilibrium is also determined by

(P) and (1)–(2) but with expectations

Et−1Gt(wt) =


Gt(wt) if wt ∈ [wt, wt]

φtGt(wt) if wt ∈ (wt, ωt]

0 otherwise

,

Et−1Jt(wt) =


φtJt(wt|yH) + (1− φt)Jt(wt|yL) if wt ∈ [wt, wt]

φtJt(wt|yH) if wt ∈ (wt, ωt]

0 otherwise

where ω denotes the highest wage that the firm is willing to pay to a high productivity worker,

Jt(ωt|yH) = 0. It is important to note that any renegotiation-proof contract w ∈ Ω gives rise

to the same expected values, cf. (4)–(5). To verify the equivalence between (P’) and the no-

renegotiation model, we only need to verify that the optimal contract of the latter lies in the set

of renegotiation-proof contracts and would thus be unaffected by the inclusion of a renegotiation

possibility. For this purpose we first formulate a stricter version of Theorem 6.
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Lemma 3. Consider the original model and let w ∈ RT \ Ω. Then there exists a w′ ∈ Ω such

that v(w′) > v(w).

This observation allows us to state the following final theorem.

Theorem 8. The solutions of (P’) coincide with the directed search equilibria of the model

without renegotiation possibility.

Proof. Let ŵ′ be a solution to (P’). It hence maximizes v for all w′ ∈ Ω. Let w ∈ RT \Ω. Then

by (3) there exists a w′w ∈ Ω such that v(w′w) > v(w). Since w was arbitrary, it follows that

v(ŵ′) > v(w) for all w ∈ RT \ Ω. Hence ŵ′ is a solution of the model without renegotiation.

By contrast, let w̃∗ solve the no-renegotiation model. If ŵ∗ ∈ RT \ Ω, Lemma 3 guarantees

a w′ ∈ Ω that attains a higher value. Therefore it must hold that ŵ∗ ∈ Ω and thus ŵ∗ also

solves (P’).

Now, by Theorem 8 all relations established in Theorem 7 also automatically apply between

the generalized model with asymmetric information and the no-renegotiation model. This com-

pletes our argument.

A Proofs

Proof of Theorem 1. Assume there exists a w̃′ ∈ A such that P [R|w̃′] > 0. We first show that

a w̃H ∈ supp fH \ supp fL cannot exist. Suppose there is such a w̃H . Whenever the worker

observes w̃H , she knows that she is in the high state with certainty, P [yH |w̃H ] = 1, and hence

refuses to renegotiate, P [R|w̃H ] = 0. For fH to be part of an equilibrium strategy, w̃H must

satisfy P [R|w̃H ](J(w̃H |yH) − J(w|yH)) ≥ P [R|w̃](J(w̃|yH) − J(w|yH)) for all w̃ ∈ A. By the

above argument, the left-hand side is zero, while by assumption the right-hand side is strictly

positive for w̃ = w̃′. Hence supp fH ⊆ supp fL. It remains to show that supp fH is a singleton.

Let w̃1, w̃2 ∈ supp fH with w̃1 6= w̃2. Since both are in supp fH , the firm must be indifferent

between these wages for highly productive workers,

P [R|w̃1](J(w̃1|yH)− J(w|yH)) = P [R|w̃2](J(w̃2|yH)− J(w|yH)). (6)

On the other hand, the firm must also be indifferent for low productive workers since supp fH ⊆
supp fL. Therefore,

P [R|w̃1]J(w̃1|yL) = P [R|w̃2]J(w̃2|yL). (7)

Subtracting these two conditions from each other and applying Lemma 1 reveals P [R|w̃1] =

P [R|w̃2]. We denote this probability with η. If η > 0, substituting this back into (6)–(7) reveals

that w̃1 = w̃2. If η = 0, then P [R|w̃] = 0 for all w̃ ∈ A must hold, since w̃1 and w̃2 maximize

P [R|w̃](J(w̃|yH) − J(w|yH)) on A. This is, however, ruled out by the assumption imposed at

the beginning of this proof.
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Proof of Theorem 2. Suppose that w̃L 6= w and w̃L ∈ supp fL \ supp fH . Let w̃H ∈ supp fH .

By definition,

P [R|w̃L]J(w̃L|yL) ≥ P [R|w̃H ]J(w̃H |yL), (8)

P [R|w̃H ](J(w̃H |yH)− J(w|yH)) ≥ P [R|w̃L](J(w̃L|yH)− J(w|yH)), (9)

since w̃L maximizes the first and w̃H maximizes the second expression. Subtracting (8) from (9)

and applying Lemma 1 reveals P [R|w̃H ] ≥ P [R|w̃L]. On the other hand, our choice of w̃L implies

that P [yH |w̃L] = 0 and therefore P [R|w̃L] = 1. Combining this with P [R|w̃H ] ≥ P [R|w̃L]

reveals that P [R|w̃H ] = P [R|w̃L] = 1. Substituting this back into (8)–(9) shows w̃H = w̃L.

This, however, is a contradiction to w̃L ∈ supp fL \ supp fH .

Proof of Theorem 3. Suppose that the firm’s strategy (fL, fH) satisfies supp fL = {w} and

supp fH = A \ {w}, and that the worker’s strategy is to always refuse renegotiation. By

Corollary 1 the firm’s strategy is optimal given the worker’s behavior. On the other hand,

the worker’s believes are P [yH |w̃] = 1 if w̃ > w and P [yH |w̃] = 0 if w̃ = w. In the first

case, refusing renegotiation is the strictly dominating action. In the second case, the worker is

indifferent between accepting and refusing because G(w̃) = G(w) = 0. Hence always refusing

to renegotiate is (weakly) optimal given the firm’s strategy.

Proof of Theorem 4. By Corollary 2, in a PBE with renegotiation the firm always proposes a

w̃H ∈ (w,w] to high productive workers, and randomizes between w̃H and w otherwise. Denote

the probability for w̃H with γ ∈ (0, 1]. The worker is willing to agree to w̃H only if G(w̃H) ≥
P [yH |w̃H ]G(w). By Bayes’ rule, P [yH |w̃H ] = φ

φ+(1−φ)γ , and thus [φ+ (1−φ)γ]G(w̃H) ≥ φG(w)

is necessary for renegotiation to be successful. From there it is easy to see that supp fL =

supp fH = {w} together with P [R|w] = 1 and P [R|w̃] = 0 for w̃ 6= w constitutes a PBE

if the assumption is satisfied. Now suppose that instead G(w) < φG(w). This implies [φ +

(1 − φ)γ]G(w̃H) > G(w), which is a contradiction because γ ≤ 1 and w̃H ≤ w. Hence no

renegotiation takes place when the worker observes w̃H . This immediately rules out a pooling

equilibrium γ = 1 with renegotiation. If γ < 1, the firm randomizes between w̃H and w and

must therefore be indifferent. Formally, this means that P [R|w̃H ]J(w̃H |yL) = P [R|w]J(w|yL).

As argued, P [R|w̃H ] = 0 and therefore P [R|w] must be zero as well.

Proof of Theorem 5. Take a PBE of the bargaining game as given. If this involves layoffs, the

expected payoffs are EJ = φJ(w|yH) and EG = φG(w) according to Theorem 3. As shown

in the proof of (4) the pooling strategy supp fL = supp fH = {w}, together with the worker

strategy P [Y |w] = 1 and P [Y |w] = 0 for w 6= w and the belief system P [yH |w] = φ and

P [yH |w] = 0 for w 6= w forms a PBE. In this equilibrium, the worker has at least the same

expected payoff as in the PBE without renegotiation, while the firm is strictly better off. It

therefore suffices to verify the Theorem for PBE with renegotiation.

Suppose the firm follows a pooling strategy supp fL = supp fH = {w̃H} and that the worker

accepts with probability η ∈ (0, 1]. In this case, expected worker payoff is EG = G(w̃H), because
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she either always accepts (η = 1) or she is indifferent, such that φG(w) = G(w̃H). Expected firm

payoff, on the other hand, equals EJ = η[φJ(w̃H |yH) + (1− φ)J(w̃H |yL)] + (1− η)φJ(w|yH) ≤
φJ(w̃H |yH) + (1 − φ)J(w̃H |yL). Hence a contract that specifies an initial wage w = w̃H gives

the same surplus to the worker and a (weakly) higher surplus to the firm.

Suppose instead that the firm randomizes for low productive workers between w̃H and w,

picking w̃H with probability γ ∈ [0, 1]. Define the best response of workers as η0 := P [R|w] and

η1 := P [R|w̃H ]. Because the firm is indifferent between w̃H and w it must hold that η0J(w|yL) =

η1J(w̃H |yL) and thus η0 ≤ η1 by monotonicity. A PBE with renegotiation therefore requires

η1 > 0. This implies that if the firm proposes w̃H the worker either accepts or is indifferent, in

both cases earning G(w̃H). When the reservation wage w is proposed, the worker earns a surplus

of zero, independent of her action. Expected worker surplus is thus EG = γG(w̃H). Expected

firm surplus, on other hand, can be expressed as EJ = φ[η1J(w̃H |yH) + (1 − η1)J(w|yH)] +

(1 − φ)η1J(w̃H |yL) = η1[φJ(w̃H |yH) + (1 − φ)J(w̃H |yL)] + (1 − η1)φJ(w|yH). It is now easy

to see that EG ≤ G(w̃H) and EJ ≤ φJ(w̃H |yH) + (1 − φ)J(w̃H |yL), which corresponds to the

expected worker and firm surplus of a contract that promises w = w̃H .

Proof of Lemma 2. We verify that the contract w′ ∈ Rt recursively defined by

w′s =

w′s if ws > w′s and G′s(w
′
s) ≥ φsG′s(ws)

ws otherwise

has these properties, where

G′s(ws) = u(ws)− u(bs) + δ(EsG′s+1 − Vs+1), G′s(w
′
s) = 0

J ′s(ws|ys) = ys − ws + δEsJ ′s+1, J ′s(w
′
s|yL) = 0

and expected payoffs EsG′s+1 and EsJ ′s+1 are determined as in (4)–(5). The proof is by in-

duction. Let s ∈ {1, . . . , t} and suppose that we have already verified that the truncated

contract (w′s+1, . . . , w
′
t) satisfies Er−1G′r(w′r) ≥ Er−1Gr(wr) and Er−1J ′r(w′r) ≥ Er−1Jr(wr) for

r = s + 1, . . . , t + 1 and that it is renegotiation proof for r = s + 1, . . . , t, i.e. in any period it

holds that either w′r ∈ [w′r, w
′
r] or w′r > w′r and G′r(w

′
r) < φrG

′
r(wr). For s = t these properties

are trivially satisfied.

For s < t we differentiate two broad cases. The first case is ws ∈ [ws, ws]. Notice that

EsJ ′s+1 ≥ EsJs+1 implies w′s ≥ ws, and EsG′s+1 ≥ EsGs+1 implies w′s ≤ ws. Consequently,

[ws, ws] ⊆ [w′s, w
′
s]. Hence if ws did not lead to separations in period s initially, this is also not the

case with higher continuation values. Furthermore, since G′s and J ′s are monotonically increasing

in the continuation value, Es−1Gs(ws) = Gs(ws) ≤ G′s(ws) = Es−1G′s(ws) and Es−1Js(ws) =

Js(ws) ≤ J ′s(ws) = Es−1J ′s(ws). The second case that we need to consider is ws > ws and

Gs(ws) < φsGs(ws). Here initially low productivity worker have been laid off in period s. Due

to the higher continuation values this need not be the case any more. In particular, since w′s ≥ ws
the original wage rate ws could leave this range. In case it does not, monotonicity of Gs and
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Js imply that Es−1Gs(ws) = φsGs(ws) ≤ φsG′s(ws) = Es−1G′s(ws) and similar for firm surplus.

In case there is a jump to the safe region, ws ≤ w′s, we observe that Es−1Gs(ws) = φsGs(ws) ≤
G′s(ws) = Es−1G′s(ws) and similar for firm surplus. The only case where we have to be cautious

is when ws > w′s and G′s(w
′
s) ≥ φsG

′
s(ws). In this case ws seizes to be renegotiation-proof in

period s, but it can be shown to be dominated by w′s: Es−1Gs(ws) = φsGs(ws) ≤ φsG
′
s(ws) ≤

G′s(w
′
s) = Es−1Gs(w′s) as well as Es−1Js(ws) = φsJs(ws|yH) ≤ φsJ

′
s(ws|yH) < φsJ

′
s(w
′
s|yH) =

Es−1Js(w′s).
This verifies that (w′s, w

′
s+1, . . . , w

′
t) defined as above is indeed renegotiation proof in and

after period s and satisfies Er−1Gr(wr) ≤ Er−1Gr(w′r) and Er−1Jr(wr) ≤ Er−1Jr(w′r) for all

r ≥ s.

Proof of Theorem 6. Define I := {t : wt > wt ∩ Gt(wt) ≥ φtGt(wt)} = {t1, . . . , tn}. Since

w /∈ ΩT , this set is non-empty, n ∈ {1, . . . , T}. The proof is by forward induction. Con-

sider date t1. According to Theorem 5 there exists a w1
t1 ∈ [wt1 , wt1 ] such that Et1−1G1

t1 :=

Et1−1Gt1(w1
t1) ≥ Et1−1Gt1(wt1) and Et1−1J1

t1 = Et1−1Jt1(w1
t1) ≥ Et1−1Jt1(wt1). Because of

this and since (w1, . . . , wt1−1) ∈ Ωt1−1(Et1−1Gt1 ,Et1−1Jt1) by definition of t1, Lemma 2 can

be applied. This ensures existence of a (w1
1, . . . , w

1
t1−1) ∈ Ωt1−1(Et1−1G1

t1 ,Et1−1J
1
t1) such that

Es−1G1
s(w

1
s) ≥ Es−1Gs(ws) and Es−1J1

s (w1
s) ≥ Es−1Js(ws) for all s = 1, . . . , t1−1. Since chang-

ing wt1 leaves expected payoffs beyond period t1 unaffected, the contract defined by w1 :=

(w1
1, . . . , w

1
t1 , wt1+1, . . . , wT ) satisfies Es−1G1

s(w
1
s) ≥ Es−1Gs(ws) and Es−1J1

s (w1
s) ≥ Es−1Js(ws)

for all s = 1, . . . , T . If I was single-valued, we are done and w′ := w1 ∈ Ω by construction.

Otherwise the algorithm is repeated until tn, and we set w′ := wn.

Proof of Lemma 3. The proof relies on an iterative algorithm. Define with I(w) the set of dates

t for which wt > wt and Gt(wt) ≥ φtGt(wt). Since w ∈ RT \ Ω, this set is non-empty. We

start the algorithm with w0 = w. Assume that after i − 1 iterations, I(wi−1) 6= ∅. Denote

with ti the highest index in I(wi−1). Define wi = (wi1, . . . , w
i
T ) componentwise as wit = wi−1t for

t 6= ti and wi
ti

= wti . By construction, Et−1Gt(wi) = Et−1Gt(wi−1) for t > ti and Et−1Gt(wi) ≥
Et−1Gt(wi−1) for t = ti. Furthermore, Et−1Jt(wi) = Et−1Jt(wi−1) for t > ti and Et−1Jt(wi) >
Et−1Jt(wi−1) for t = ti. Next consider I(wi). If I(wi) = ∅ then wi ∈ Ω. The recursive

form and monotonicity imply that E0G1(w
i) ≥ E0G1(w) and E0J1(w

i) > E0J1(w), and thus

v(wi) > v(w). If I(wi) 6= ∅ the algorithm continues. Because ti < ti−1, the algorithm stops

after at most T steps.
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